Abstract. Let p be a prime integer, 1 ≤ s ≤ r integers, F a field of characteristic p. Let Dec p r denote the class of the tensor product of r psymbols and Alg p r ,p s denote the class of central simple algebras of degree p r and exponent dividing p s . For any integers s < r, we find a lower bound for the essential p-dimension of Alg p r ,p s . Furthermore, we compute upper bounds for Dec p r and Alg 8,2 over char(F ) = p and char(F ) = 2, respectively. As a result, we show ed 2 (Alg 4,2 ) = ed(Alg 4,2 ) = ed 2 (GL 4 /µ 2 ) = ed(GL 4 /µ 2 ) = 3 and 3 ≤ ed(Alg 8,2 ) = ed(GL 8 /µ 2 ) ≤ 10 over a field of characteristic 2.
Introduction
A numerical invariant, essential dimension of algebraic groups was introduced by Reichstein and was generalized to algebraic structures by Merkurjev. We refer to [9] for the definition of essential dimension and denote by ed and ed p the essential dimension and essential p-dimension, respectively.
Let F be a field, Fields/F the category of field extensions over F , and Sets the category of sets. For every integer n ≥ 1, a divisor m of n and any field extension E/F , let Alg n,m : Fields/F → Sets be the functor taking a field extension K/F to the set of isomorphism classes of central simple K-algebras of degree n and exponent dividing m. Then, there is a natural bijection between H 1 (K, GL n /µ m ) and Alg n,m (K) (see [1, Example 1.1]), thus ed(Alg n,m ) = ed(GL n /µ m ) and ed p (Alg n,m ) = ed p (GL n /µ m ).
Let F be a field of characteristic p. For a ∈ F and b ∈ F × , we write a, b p for the central simple algebra over F generated by u and v satisfying u p −u = a, v p = b and vu = uv + v (it is called a symbol p-algebra). For a field extension E/F , let Dec p r : Fields/F → Sets be the functor taking a field extension K/F to the set of isomorphism classes of the tensor product of r p-symbols over E.
Some computations of the essential dimension and essential p-dimension of Alg m,n have been done. But most of them have the restriction char(F ) = p on the base field F . In this paper, for any integers r > s, we find a new lower bound for ed p (Alg p r ,p s ) over char(F ) = p. Moreover, we compute upper bounds for Dec p r and Alg 8,2 over char(F ) = p and char(F ) = 2, respectively. As a result, we get:
Proof. The lower bound 3 ≤ ed 2 (Alg 4,2 ) follows from Corollary 2.4. By a Theorem of Albert, we have Dec 4 = Alg 4 ,2 for p = 2, thus we get ed(Alg 4,2 ) ≤ 3 by Proposition 3.2. As ed 2 (Alg 4,2 ) ≤ ed(Alg 4,2 ), the result follows.
Corollary 2.4 and Corollary 3.5 give the following:
Lower bounds
Theorem 2.1. (Tsen) Let K be a field of transcendental degree 1 over an algebraically closed field F . Then, for any central division algebra A over K, ind(A) = exp(A) = 1, i.e., A = K.
As an application of Theorem 2.1, Reichstein obtained the following result: Corollary 2.2. [10, Lemma 9.4(a)] Let F be an arbitrary field and A be a division algebra of degree n ≥ 2. Then ed(A) ≥ 2. In particular, for any integers r, s and any prime p, ed p (Alg p r ,p s ) ≥ 2.
Initially, the following theorem is proved under the additional condition that char(F ) does not divide exp(A) in [5] . In subsequent papers [6 As an application of Theorem 2.3, we have the following result: Corollary 2.4. Let F be an arbitrary field and p be a prime. For any integers r and s with s < r, ed p (Alg p r ,p s ) ≥ 3.
Proof. By [9, Proposition 1.5], we may replace the base field F by an algebraically closure of F . Let K be a field extension of F and A be a central simple algebra over K of ind(A) = p r and exp(A)|p s . Let E be a field extension of K of degree prime to p. As ind(A) is relatively prime to [E : K], we have ind Proof. From the exact exact sequence
Proposition 3.2. Let p be a prime integer, F be a field of characteristic p. If |F | ≥ p r , then ed(Dec p r ) ≤ r + 1.
for a field extension E/F . As ed((Z/pZ) r ) = 1 by Lemma 3.1, there exists a sub-extension E 0 /F of E/F and c i ∈ E 0 for all 1 ≤ i ≤ r such that c i ≡ a i mod ℘(E) and tr. deg (Alg 8,2 ). In this subsection we assume that the base field F is of characteristic 2. The upper bound 8 for ed(Alg 8,2 ) over the base field F of characteristic different from 2 was determined in [1, Theorem 2.12]. We use a similar method to find an upper bound for ed(Alg 8,2 ) over the base field F of characteristic 2.
For a commutative F -algebra R, a ∈ R and b ∈ R × we write a, b R for the quaternion algebra R ⊕ Ru ⊕ Rv ⊕ Rw with the multiplication table u 2 + u = a, v 2 = b, uv = w = vu + v. The class of a, b R in the Brauer group Br(R) will be denoted by a, b = a, b R .
Let a ∈ R and S = R[α] := R[t]/(t 2 + t + a) with α 2 = α + a the quadratic extension of R. We write N R (a) for the subgroup of R × of all element of the form x 2 + xy + ay 2 with x, y ∈ R, i.e., N R (a) is the image of the norm
, then the quaternion algebra a, b R is isomorphic to the matrix algebra M 2 (R).
3.2.1. Rowen's construction. Rowen extended the Tignol's theorem [13] to a field of characteristic 2. We recall Rowen's argument in [11] . Let A be a central simple F -algebra in Alg 8,2 (F ). By [11] , there is a triquadratic splitting extension F (α, β, γ)/F of A such that α 2 + α = a, β 2 + β = b, and
in Br(L) for some s, t ∈ L × . Taking the corestriction for the extension L/F in (1), we get
in Br(L) for some k, l, m ∈ F × . It follows from (1) that
in Br(F ) for some e ∈ F × . We shall need the following result:
Proof. The result comes from the following equality with coordinates a, b, c, d, e, u, v, w, x, y, z, m, n and define the rational functions:
Let X be the quasi-affine variety defined by
i.e., X = Spec(R) with
By Lemma 3.3, we get the followings :
It follows from (2) that Proposition 3.4. The Azumaya algebra B is classifying for Alg 8,2 , i.e, the corresponding GL 8 /µ 2 -torsor over X is classifying.
Proof. Let A ∈ Alg 8,2 (K), where K is a field extension of F . We shall find a point p ∈ X(K) such that A ≃ B(p), where B(p) := B⊗ R K with the F -algebra homomorphism R → K given by the point p. Following Rowen's construction, there is a triquadratic splitting extension K(α, β, γ)/K of A such that α 2 + α = a, β 2 + β = b, and γ 2 + γ = c for some
in Br(L) for some s = w + xα, and t = y + zα ∈ L × . We have
Hence
(w 2 + wx + x 2 a)(y 2 + yz + z 2 a) = m 2 + mn + n 2 d
for some u, u ′ , v, v ′ , m, n in K. Moreover, we may assume that u ′ = 0. Replacing w, x and u by wu ′ , xu ′ and u ′ u respectively, we may assume that u ′ = 1. Similarly, we may assume that v ′ = 1. We also may assume that u = x by replacing u by u/(b + d). Similarly, we may assume that v = z and n + xz + wz + xy = 0. It follows from Lemma 3. 
